In this addendum to [Phys. Rev. D 99 (2019) 086017], we extend the construction of a Hamiltonian formalism to a new class of group field theory actions with a kinetic term that is local in the group variables and depends only on their derivatives; such a kinetic term will couple magnetic indices of opposite sign in the Peter-Weyl decomposition. The main results of [Phys. Rev. D 99 (2019) 086017] for the resulting cosmology extend to this case.
Group field theories (GFTs) [1] [2] [3] are a nonperturbative approach to quantum gravity whose dynamics are usually given in Lagrangian form. GFTs are closely related to the spin foam approach to quantum gravity: in the perturbative expansion of a GFT path integral into Feynman diagrams, each Feynman graph is interpreted as a spin foam or discrete quantum gravity amplitude [4] . A GFT is defined on an abstract group manifold rather than spacetime, and so the connection to canonical approaches to quantum gravity whose Hamiltonian and momentum constraints encode covariance under space-time diffeomorphisms is indirect [5] .
In canonical quantum gravity, including appropriate matter fields allows for deparametrization which can be much simpler than working in a constrained formalism. By using matter fields as relational coordinates, it is often possible to obtain a Hamiltonian generating "true" time evolution with respect to a matter clock, a famous example is the Brown-Kuchař dust model [6] . The idea of deparametrization is also familiar in quantum cosmology, where a common choice of matter clock is a free massless scalar field whose classical evolution is monotonic.
GFT models for quantum gravity coupled to a massless scalar field have been successfully applied to cosmology [7, 8] . In this context, it is possible to define a relational 3-volume observable V (χ) representing the spatial volume in a GFT state at a given value of the massless scalar "clock" χ, similar to what is done in conventional quantum cosmology, e.g., in loop quantum cosmology. Equations for the expectation value of V (χ) and its derivatives then characterize the dynamics of a homogeneous, isotropic universe and define effective Friedmann equations from GFT [9] .
Using a massless scalar field χ as a relational clock in GFT is possible also at a more general level: interpreting derivatives of a GFT field with respect to χ as velocities, a Hamiltonian formalism can be constructed for a class of GFT actions, while canonical commutation relations for the field and momentum operators follow directly from the structure of the GFT action [10] (rather than being postulated as in previous work).
In this addendum we extend the construction of a Hamiltonian formalism for GFT to a new class of actions that, when written in the Peter-Weyl decomposition, couple field modes with opposite magnetic indices. This occurs in GFT actions if the kinetic term is local in the group variables g a and only depends on derivatives of these group variables (and potentially depends on the scalar field χ as well); this is closely analogous to what occurs for a free real scalar field in R d,1 whose Lagrangian is local in position space, but takes the form
in momentum space. In the following we consider theories with a real GFT field ϕ corresponding to quantum gravity with gauge group SU(2) minimally coupled to a massless scalar field χ and with an action of the general form
where K[ϕ] is the kinetic term quadratic in ϕ and V [ϕ] contains higher order terms. ϕ is a real-valued function on SU(2) 4 × R with an additional "gauge invariance"
for any h ∈ SU(2). Using the shorthand ϕ( g, χ) ≡ ϕ(g 1 , g 2 , g 3 , g 4 , χ), the Peter-Weyl decomposition of such a ϕ into modes labeled by SU(2) representation data is (4) which is Eq. (2) in Ref. [10] apart from the different normalization factor in front of the Wigner matrices D j mn (g). The sum is over SU(2) irreducible representations j i , intertwiners I labeled by ι and magnetic indices m i and n i taking values from −j i to j i .
Note that while ϕ( g, χ) is real-valued, the modes ϕ ,ι m (χ) in the Peter-Weyl decomposition are complexvalued. The reality conditions for these modes are obtained from the identity
as well as the intertwiner relation
together with the fact that an intertwiner is only nonvanishing if i n i = 0. The result is [11] 
(See Ref. [12] for a review of SU (2) recoupling theory.)
This is analogous to the reality condition φ( k) = φ(− k) for the Fourier modes of a scalar field in R d, 1 , although with an extra sign factor.
We now focus on a class of kinetic terms K[ϕ] in the action (as in Ref. [10] , the specific form of V [ϕ] will not be used in what follows, and so for simplicity we only consider the case of vanishing V [ϕ]). The Ooguri model [11] which defines a GFT for topological BF theory has
but more general forms, in particular including derivatives with respect to the g a in the original group representation, are often of interest. We assume a general type of kinetic term of the form [7, 8] 
with K , m,ι (χ) real-valued to ensure the action is real. This form of K[ϕ] is motivated by actions whose kinetic term is local in the group variables, and depends only on their derivatives. For example, for the kinetic term [13] 
with ∆ ga the Laplace-Beltrami derivative operator acting on the a th SU(2) argument of ϕ, then K , m,ι (χ) = µ − α a j a (j a + 1) + β∂ 2 χ . To avoid any loss of generality, in the following we consider the kinetic term (9).
The K , m,ι (χ) term in Eq. (9) can be written as a (potentially infinite) expansion in derivatives with respect to χ [7] ,
We then truncate Eq. (10) after the second term as in previous work [7, 8, 10 ] as higher order terms will be suppressed by the Planck scale. With this truncation, and absorbing some numerical factors, the kinetic term becomes
(11) Notice that without loss of generality we can take K , m,ι = K ,− m,ι in the following. After a Legendre transform as defined in Ref. [10] , the GFT Hamiltonian is
where the elementary Poisson brackets at equal time are
One can replace ϕ and π by a complex variable a , m,ι defined by
where
a , m,ι andā , m,ι are complex conjugates and satisfy
After canonical quantization, the corresponding creation and annihilation operators then satisfy
Writing the quantum Hamiltonian aŝ
the contributionsĤ , m,ι for each ( , m, ι) take different forms depending on the signs of K
, m,ι and K
, m,ι . If these coefficients have the same sign for given ( , m, ι),
with
whereas if their signs differ,
As discussed in Ref. [10] , the Hamiltonian (22) does not leave the Fock vacuum invariant, but will generate excitations; time evolution for Eq. (22) corresponds to a squeezing of the Fock vacuum (see also Ref. [14] ). Excitations are created pairwise, with opposite values for the magnetic indices, which is the analog of creating particles with opposite momenta in usual scalar field theory. This coupling of modes with opposite magnetic indices is the only new feature in our analysis here when compared to the results of Ref. [10] .
In the cosmological interpretation of GFT dynamics, squeezing corresponds to exponential expansion compatible with the classical Friedmann equations and therefore we will focus on Hamiltonians of the form (22), for which the evolution equations are
The general solution to these equations is
In a mean-field approximation (expected to be valid for a condensate corresponding to the cosmological sector of a GFT for quantum gravity [9] ), the occupation number per mode is given by
The symmetric combination S , m,ι = â † , m,ιâ , m,ι + â † ,− m,ιâ ,− m,ι contains all of the information needed for cosmological applications since the GFT operator corresponding to the spatial volume is insensitive to the values of the magnetic indices. For this quantity we find
for suitable constants A , m,ι ≥ 0 andχ 0 , m,ι . Note that the last equality follows from the fact that, after the second equality, the prefactor to the cosh(2M , m,ι χ) term is positive and larger in amplitude (as follows from |a 0 , m,ι ± iā 0 ,− m,ι | 2 ≥ 0) than the prefactor to the sinh(2M , m,ι χ) term (which can be negative).
Apart from the fact that we are summing the occupation numbers for ( , m, ι) and ( , − m, ι), Eq. (26) reproduces the result of Eq. (46) in Ref. [10] . The spatial volume for each mode is given by the occupation number times a volume eigenvalue; the results of Ref. [10] for effective cosmology, recovery of the classical Friedmann equations at late times and singularity resolution by a bounce then extend to the class of kinetic terms (11) . There is a difference in the freedom to choose initial conditions in that the integration constants A , m,ι andχ 
